A recently proposed consistent BGK-type approach for chemically reacting gas mixtures is discussed, which accounts for the correct rates of transfer for mass, momentum and energy, and recovers the exact conservation equations and collision equilibria, including mass action law. In particular, the hydrodynamic limit is derived by a Chapman-Enskog procedure, and compared to existing results for the reactive and non-reactive cases.
Introduction
Combustion processes are of paramount importance not only in power generation, but also in various applications of different kind, and have advanced substantially and gained new interest in the past few decades, attracting experimental, numerical, and theoretical work [26] . In particular, problems related to detonation and deflagration waves, chemical reactors, space vehicles are requiring deeper and deeper analysis of rarefied gas flows with chemical reactions [11] , the problem that will be addressed in this paper. A kinetic approach is probably the most appropriate tool of investigation, since it allows for a rigorous derivation and justification for the macroscopic fluid-dynamic equations to be used in practice [20] , and also it often ensures by itself the correct (though, usually, not easy) treatment of the fundamental problems in the field [29] . We shall be dealing with a quaternary mixture of gases, made up by species A s , s = 1, . . . , 4, colliding elastically among themselves and undergoing the reversible bimolecular reaction
The Boltzmann reactive collision integral relevant to (1) can be constructed at different levels of accuracy [28, 21, 16 ], but we will stick here for manageability to the simplest one [28] , which neglects the effects of non-translational degrees of freedom, but yet captures the essential features of the microscopic binary event, producing exchange of mass and of energy of chemical link, in addition to the usual transfer of momentum and kinetic energy. For a kinetic treatment of fluid-dynamic problems, like evaporation/condensation, shock wave structure, and Riemann problem [3, 14] , one immediately realizes that reactive Boltzmann equations are very heavy to deal with, and simpler approximate kinetic models would be useful for practical applications. Like in rarefied gas dynamics, first candidates in this respect seem to be relaxation time approximations of the type proposed by Bhatnagar, Gross, and Krook [4] and by Welander [30] (usually denoted as BGK models), which retain the basic qualitative and average properties of the Boltzmann equations, and prescribe relaxation towards a local equilibrium with a strength determined by a suitable characteristic time. It is reasonable to expect that the appropriate BGK apparatus should depend on the physical regime to which the model has to be applied, in particular on the ratios among the macroscopic, the mechanical, and the chemical scales.
Some relaxation models for the chemical collision operator have been introduced quite recently in the literature [19, 2, 27, 24, 22] . In particular, the latter paper follows the consistent BGK strategy proposed in [2] for inert mixtures, which preserves positivity and indifferentiability principles, and resorts to a single BGK collision term for each species s (s = 1, 2, 3, 4), describing both mechanical (elastic) and chemical encounters, and drifting the distribution function f s towards a suitable local Maxwellian M s . Indeed, the macroscopic parameters relevant to such equilibrium are not the actual fields, moments of f s (number density n s , drift velocity u s , temperature T s ), but some other fictitious fields n s , u s , T s , constructed "ad hoc" in order to recover the exact exchange rates for mass, momentum and energy, as given by the whole Boltzmann-like collision operator. The machinery is of course heavier than for chemically inert mixtures, and requires explicit knowledge (for Maxwell-type interactions) [9] of the moments of both mechanical and chemical collision integrals [5] . This is indeed possible in closed form for the elastic collision operators, but not for the reactive ones, even assuming Maxwell-like cross section for the endothermic reaction, as we shall do in the sequel. Such operators must then be handled numerically, in the iterative solution procedure, or further approximations (like closeness to equilibrium) must be introduced in order to achieve analytical expressions for the chemical transfers [5] . The structure of attractors is a clear indication that such BGK strategy is well suited when mechanical collisions (specifically, elastic scattering between equal species) play the dominant role in the overall evolution, while chemical reactions occur at a slower pace, comparable to the macroscopic one, so that chemical equilibrium will be reached eventually on that scale. For fast reactions, other BGK strategies would be better suited, like for instance a simpler one recently proposed in the literature [7] .
In any case, it has been shown in [22] that such relaxation model of BGK type is a consistent approximation of the Boltzmann kinetic description, which reproduces in particular the correct macroscopic conservation equations and the correct collision equilibria, as Maxwellians at a common mass velocity and temperature, and with number densities related by the well known mass action law.
The present paper is aimed at proceeding further along the lines proposed in [22] by investigating aspects that were left there as a future work. We shall focus in fact on the hydrodynamic limit for small collision times of the present BGK equations (via an asymptotic Chapman-Enskog expansion) in the collision dominated regime, when the reactive collision times are much smaller than the mechanical collision times. This slowly reacting regime is indeed the one for which the considered reactive BGK model is most appropriate. At this still preliminary stage we stick again to a single bimolecular reaction between mono-atomic species and with Maxwell-type interactions, but the BGK strategy can be extended to more general situations, where the advantages related to the availability of explicit formulas for coefficients and to the much easier numerical approach become even more significant. Anyway, the problem of the correct hydrodynamic limit and relevant closed fluid-dynamic equations remains a fundamental still open question in the field. Great efforts have been and are being performed since the fifties for characterizing chemical reactions and for defining transport coefficients, aimed at enhancing combustion efficiency and at controlling environmental impact. One can see for instance a series of papers by Dixon-Lewis ranging from 1968 to 1975 (e.g., [17] ), as well as the more recent book [23] .
The article is organized as follows. After presenting in Section 2 the main features of the considered BGK model, Section 3 is devoted to a detailed asymptotic analysis of the Chapman-Enskog type leading to closed macroscopic equations at the Navier-Stokes level, which are compared to analogous results obtained both in the chemically inert case from BGK equations [2] and in the chemically reactive case via Grad's expansion technique [6] . Finally, results are summarized and briefly discussed in Section 4.
BGK equations
We recall and discuss here the main features of the relaxation time approximation introduced in [22] for the chemical reaction model worked out in [21, 28] . After suitable scaling, and introducing the small parameter ε representing the ratio of the elastic mean collision time to either the chemical collision time or to the macroscopic time scale, model kinetic equations read as
where M s is a local Maxwellian with 5 disposable scalar parameters
and ν s is the inverse of the s-th relaxation time, possibly depending on macroscopic fields, but independent of v. Such an "attractor" corresponds then to individual single-species elastic equilibrium. The above auxiliary fields n s , u s , T s are determined by requiring that the exchange rates for mass, momentum and total (kinetic plus chemical) energy following from (2) coincide with those deduced from the corresponding Boltzmann equations. The latter rates are analytically known for the mechanical collision operators under the assumption of Maxwell molecules scattering kernel [2] , and can be suitably approximated, under the same assumption, even for the reactive collision integrals [5] , in which case they may be expressed in terms of some physical parameters like masses m s (with 
conventionally assumed to be positive (heat of reaction). Other essential parameters are the microscopic collision frequencies (constant with respect to the impact speed g in our assumptions)
and ν 34 12 (g) = 2πg
where σ stands for differential cross section, and 0 ≤ ν
The above constraints on the exchange rates result in (5), these chemical contributions can not be cast in closed analytical form, though they can be evaluated numerically in any iterative approach to the solution of the considered BGK equations. It is easy to check however that chemical mass production rates are related by R s = λ s R, where R = R 1 . In addition, the symmetric singular matrices Φ and Ψ are defined by
and global macroscopic parameters (including mass density ρ, viscosity tensor p and heat flux q) are expressed in terms of single component parameters by
The dominant operator driving the process is provided by the right hand side of (2) once the algorithm building up the attractors M s has been reduced to its leading order, which amounts to setting ε = 0 in (6). This leads exactly to the BGK operator relevant to the corresponding inert mixture [2] , so that clearly conserved quantities for the dominant process can be chosen as all number densities n s , the three components of the mass velocity u, and the internal (thermal + chemical) energy
With this option, all of them, except densities, are conserved also by the whole collision operator in the right hand side of (2). This yields a set of 8 scalar exact non-closed macroscopic "conservation" equations
where P = nKT I+p is the pressure tensor, and the chemical source term
arises, as expected, since species masses are not conserved by the reactive encounters. Notice that conserved quantities for the whole actual Boltzmann collision operator, as well as for the full BGK approximation [22] , would be in number of seven, and could be chosen as three combinations of number densities like n 1 +n 3 , n 1 +n 4 , n 2 +n 4 , and again the three components of the mass velocity u plus the total internal energy 3
Correspondingly, full kinetic collision equilibria (both Boltzmann and BGK) would be provided by a seven-parameter family of Maxwellians
at the same mass velocity and temperature, with equilibrium densities related by the well known mass action law of chemistry
Collision equilibria relevant to the dominant part of the collision operator in (2) are instead given by an eight-parameter family of Maxwellians, provided by (12) again, but with free and independent number densities (no mass action law). This is in agreement with the chosen physical scenario, where a fast initial transient drives distributions towards thermal equilibrium, and then a slower process leads eventually to chemical equilibrium (the so called "frozen" regime of the thermodynamical literature [13] ). Another point that deserves some attention is the most convenient choice of the inverse relaxation times ν s [2] , for which we refer the reader to the literature. In this paper we will stick to the simple option of reproducing the actual average number of collisions (regardless if mechanical or chemical) taking place for each species [22] . This leads to expressing the ν s in terms of integrals of the distribution functions, that can be handled in any numerical iterative scheme. An assumption equivalent to the Arrhenius law allows instead to cast them in an approximate closed form in terms of hydrodynamic variables, and, for the chosen endothermic Maxwell-like collision model, they read as 
Hydrodynamic regime
We shall perform now a formal Chapman-Enskog asymptotic analysis with respect to the small parameter ε, to first order accuracy, in order to achieve Navier-Stokes-like hydrodynamic equations as a closure of the exact macroscopic equations (10) . To this end the distribution functions f s are expanded as
and consequently similar expansions hold for n s , u s , T s . These expansions induce of course similar expansions for all variables, in particular for the auxiliary fields and for the Maxwellians M s . The macroscopic collision frequencies ν s , depending on the densities n s , must be expanded as well. However, hydrodynamic variables must remain unexpanded [10] , namely n s = n s(0) for s = 1, . . . , 4, T = T (0) , and 
The chemical reaction rate R must instead be expanded according to (11) and (15) . Equating finally equal powers of ε in (2) yields to leading order (ε −1 )
and to the next order (ε 0 )
where ∂ 0 /∂t is the first term of a formal expansion of the time derivative operator, to be considered as an unknown of the problem. Notice that, because of (14), the leading macroscopic collision frequencies ν (0) s are made up only by mechanical contributions.
Zero order solution
Equations (18), (19) 
, then, from the second of (6)
which, due to the properties of matrix Φ [6] , implies u s(0) = u for all s. Notice that matrix Φ, as well as Ψ, remains in turn unexpanded. Moreover, from the third of (6)
implying, again for the properties of matrix Ψ [6] , T s(0) = T for all s. Therefore, all species share, to leading order, the same drift velocity, equal to the global mass velocity u, and the same temperature, equal to the global temperature T , which are both hydrodynamic variables. In conclusion we have
namely, as expected, the collision equilibria of the leading operator. Equations (22) 
where Q is given by
and vanishes only at chemical equilibrium (13) . Conservation equations, to first order accuracy in ε, may be rewritten in terms of the hydrodynamic fields n s , u, and T as
and their closure is achieved if we are able to determine, resorting to (19) , constitutive equations for the quantities u s (1) , R (1) , p (1) ij , and q (1) i , for which we have further
The chemical production terms for momentum and energy will also be needed, to leading order, in the following manipulations. They can be cast as
where the numerical factor Λ s is a function of the ratio ∆E/T , given by
First order correction
Standard manipulations allow to evaluate the time and space derivatives of f s(0) , and to express M (1) s as the derivative of M s with respect to ε at ε = 0; in this way we obtain a formal solution of (19) as
where
A patient algebra allows now to compute the fields n s(1) , u s(1) , T s(1) from the distribution functions (29) and to make this solution effective by using (30) and (24) . Skipping technical details, density fields provide the compatibility conditions
Velocity fields yield the compatibility conditions
and the algebraic equations
This set of equations is the same which arises when the Chapman-Enskog algorithm is applied to the reactive Grad 13-moment equations [6] , and, at the same time, it coincides with the results obtained in [2] for a chemically inert mixture. The matrix Φ is singular, but (33) is uniquely solvable when coupled to the constraint (17) . The solution, mutatis mutandis, goes through the same steps of either [2] or [6] , and may be cast as
where L is a suitable matrix, depending on the n s , which can be proved to be symmetric [2] , reproducing thus the Onsager relations [15] . The expressions given by (34) also coincide with classical expressions for diffusion velocities of inert mixtures [12, 18] . Indeed, matrix L is contributed only by elastic scattering and is independent from the chemical reaction and from ∆E. Finally, temperature fields recomputed from (29) yield, after some algebra, the singular set of linear algebraic equations for the T
plus the compatibility condition
This completes the determination of the ∂ 0 /∂t operators (see (31), (32), (36)). Equation (35), coupled to the temperature constraint in (26) , implies existence and uniqueness of solution for the species temperatures T s (1) , in spite of the singularity of the matrix Ψ. In fact, it is possible to get rid of one of the unknowns by means of the constraint, and to invert the remaining regular three-dimensional matrix, reconstructing eventually all four temperatures as linear combination of the right hand sides in the algebraic system. One might observe that all spatial gradients have been canceled out in the derivation of equation (35) (in other words, they do not affect the T s (1) ), in agreement with the fact that temperature corrections would vanish for an inert mixture (the algebraic system becomes homogeneous). One can also remark that the inhomogeneous term in (35) is proportional to Q, so that all temperature corrections vanish at chemical equilibrium. The above algebraic manipulations lead to a formal solution of the type
where the matrix N can be arranged in different forms, in particular as a singular matrix satisfying the constraints
Formula (37) expresses species temperatures in terms of species densities n s (appearing also implicitly into matrix Ψ, and then into matrix N), and of gas temperature T (via the ratio ∆E/T in Q and in Λ s ). Distributions (29) become now explicit on using auxiliary field corrections expressed by (30) in terms of the actual field corrections u s (1) , given by (34), and temperature corrections T s (1) , given by (37). In particular, the last equation in (30) takes the simpler form n s 3 2 T
The first order correction to the reactive rate is given by
It is then matter of careful and patient algebra to perform the required integrations, recalling the distribution functions (22), (29) , and resorting to center of mass and relative motion integration variables. The long and tedious calculations, going through Gaussian integrals amenable to complete and incomplete Euler gamma functions, show the quite remarkable fact that all contributions from spatial gradients cancel out, so that the reactive source is entirely made up by the hydrodynamic fields alone, with temperature and heat of reaction appearing only in the combination ∆E/T . In some more detail, the contribution of the first two curly brackets in (29) to the loss term in (40) reads as
while the contribution of the same addends to the gain term takes correspondingly the form
When inserting the third curly bracket in (29) into the calculation of R (1) , we get exactly four addends, each inversely proportional to a specific ν (0) s , which cancel out exactly the corresponding contributions in (41) and (42), eliminating thus all spatial gradients, so that the final result is free from any derivative of the macroscopic fields, and can be cast in terms of temperature corrections T s (1) as
or in the equivalent form, involving the factors χ s in (37),
where explicit dependence on Q is made evident, and where erfc denotes complementary error function [1] .
Viscous stress and heat flux
In order to achieve the desired hydrodynamic equations from (25), we need to compute p (1) ij and q by suitable integrations of the distribution functions. More precisely we have
and q
to be used then in (26) . When computing P s(1) ij , it is not difficult to check that the addend of f s (1) involving the first order corrections yields a tensor proportional to the identity, which contributes nothing to the deviatoric part p s (1) ij , and the same occurs to the second addend, involving the ∂ 0 /∂t operator. For the third addend, involving spatial gradients, the same feature is in order for the gradients of n s and T , whereas the rate of strain tensor contributes a term to the (i, j) component of the s-th pressure tensor given by the sum of
and of an isotropic tensor. Going on and computing p s(1) ij and p (1) ij , one ends up with
Conclusions
Summarizing our results, hydrodynamic equations of Navier-Stokes type for the present relaxation model of the chemical reaction (1) in a gas mixture is provided by the set (25) of eight partial differential equations for the eight scalar unknowns n s , u i , and T , coupled to the constitutive equations (24) for Q, (34) for u s(1) i , (48) for p (1) ij , (52) for q (1) i , and (44) for R (1) . Euler equations correspond to the limiting case ε = 0. Notice the appearance of an additional first order correction to the reaction rate when passing from the Euler to the Navier-Stokes fluid-dynamic level. This BGK asymptotic limit has the same form of the Boltzmann asymptotic limit worked out in [6] via a Grad 13-moment expansion. The different definition of viscosity coefficient and thermal conductivity in the Newton and Fourier laws is in clear agreement with classical results of kinetic theory [10] . The present results reproduce of course the BGK asymptotic limit that would be in order if the chemical reaction were switched off, that was thoroughly derived and discussed in [2] .
Fluid-dynamic non-equilibrium effects in the present slowly reacting scenario seem to be well separated in two distinct categories. Constitutive equations for diffusion velocities, viscous stress, and heat flux correspond to the classical Fick, Newton, and Fourier laws for a gas mixture, with transport coefficients determined solely by the mechanical microscopic parameters. The chemical reaction enters the picture in a different way, by a chemical source Q, that is O(1) and affects also the Euler description of the reacting gas, and by a O(ε) correction to the same reaction rate, both depending mainly on chemical parameters, with the mechanical ones affecting only the matrix Ψ to be inverted. Mechanical effects vanish in the absence of spatial gradients, chemical effects are independent from them, and disappear only at chemical equilibrium. The situation is quite different from the fast reacting scenario [8] that has been recently investigated by another BGK approach devised "ad hoc" [7] . The number of hydrodynamic variables reduces there from 8 to 7 (mass action law applies), and chemical equilibrium is achieved on the fast kinetic scale (the "equilibrium" regime of the thermodynamical literature [13] ). In that different frame, all transport coefficients would be determined by proper combination of the mechanical and chemical microscopic parameters, and the chemical reaction would introduce an additional reactive scalar pressure [25] , proportional to the divergence of the mass velocity, rather than a source term.
